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Spearman’s One-Factor Model (1904)

Intelllgence

//\\.

Linear structural equations:

X1 = Ao + AL+ e, Jointly independent
Xo = Mg + oL + &5, errors: €1, ..., 4.
X3 = A3 + Az L + &3,

Xo = Ao + Al + 4. Varle,] = ww < 00, Var[l] = 1.

Topic:  Can we recover the “factor loadings” \,; and the “error variances” w,, from ¥ = Var[X]?
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Example: Two-Factor Model

X1 AL A1H €1
X2 Aol AoH ! €2

3| = A3 A3H |- + | €3

B E ®© B® Xl = o dan - ()

W X4 >\4L )\4/_/ &4
Xs A5l AsH €5

Covariances:

Var[X,] = wyp + A2, + X3, and  Cov[X,, Xu] = A\t dwe + A dun.

Observed covariance matrix:

AL A1) (AL AtH wip 0 0 0 O
Aot MoH | | Ao Ao 0 wp 0 0 O
Y= (A3 Asw||As Asw| +| 0 0 wz 0 0 |=AA"HQ
Aol AaH | [ AaL Aan 0 0 0 wwu O
Ast AsH) \Asp Aspy 0 0 0 0 wss
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Full Factor Analysis Models

|dentifiability problem:

For A € RP*™ and Q € diag”, does & = AAT + Q have a unique solution?

Observations:

® Rotational indeterminacy if no restrictions on A.

A" +Q=(AQ)(Q'A")+Q for all Q orthogonal.

e Literature: Identification problem centers around recovering AAT and 2. Interpretation of A is difficult.
This talk: A sparse.

e Often claimed that sparsity “improves” identifiability and interpretability of the factor loadings.

e.g. Trendafilov et al. (2017), Sparse exploratory factor analysis, or

Frihwirth-Schnatter et al. (2023) Sparse Bayesian factor analysis when the number of factors is unknown.

® Real-world phenomena: Many observed variables should not depend on all factors.

Thurstone (1931), Multipe Factor Analysis.
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SOCIO-econom |C Exam ple from Harmann (1976), Modern Factor Analysis

A1 O
(School) (Employ) GService) (House) X=ANL+¢e, where A=|Xa 0
A1 Aa2
As1 As2
Observed covariance matrix (when Var[L] = /):
ontA 0 Puda] [Audal A1)t
0 w22 + A3 0 A22 42 A22 52
Y=M"+Q=| s 0 w33 + A3 A31 51

A11A41 A22 42 Asida1 wag + A3+ A2 Aidst + A s
151 A22 52 A3ids1  Aaidst + Aapdsa wss + A+ A,

We see that
A11A31 A11A
].) 013914 = \l 11731 211741 =/ )\%1 = 31>\11 with a € {:l:].} and 034 = )\31)\41 # 0 "almost surely’,
J 034 A31 41
A11A
2) 13 — 2178 ai\31 with A\11 # 0 'almost surely’.

013014/ 034 arA11

= Can identify Ach(1,).1

, up to column-sign, similarly Acy(1,)1,-
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General Setup

Variables:
Observed: X = (X,),ev Latent: L = (Lp)nen

Graph:
Bipartite directed graph G = (VUH, D), thatis, D C H x V.

Sparse factor analysis model:

X=AL+¢

— all latent factors and error terms in (L, e) are mutually , SO
Q) = Var[e] = diag(wy, : v € V) diagonal, and Var[L] = I.

— parameter matrix A is and supported over edge set D (write A € RP).
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Content of the Talk

Definition

Every factor analysis graph G yields a parametrization of the observed covariance matrix:

76 (NQ)— Z=M"+Q.
Fiber: Fo(Q,A) = {(QA) : 76(Q,A) = 7¢(Q, A)}.

The model given by G is generically sign-identifiable if
Fo(QUA) ={(QA):Q=Qand A=AV for ¥ € {£1}*>* diagonal} for ‘almost all' (A, Q).

Main Contribution:

e Sufficient graphical condition for generic sign-identifiability. Grébner basis computations solve the

. L . blem ... Il scale.
® Recursive polynomial time algorithm. ProDIEMm ... on & smafl scae

(caveat: polynomial time when bounding a cardinality in a search step)
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Our Software

# Define graph
L = matrix(c(1,

!
, Cod, Ev) o) o)

> 0
+ 1
+ 1, 0,
+ 1
+
>

1, 1), 5, 2, byrow=TRUE)

g = FactorGraph(L)
>
> # Check identifiability
> res = mID(g)
Generic Sign-Identifiability Summary
# nr. of latent nodes that are gen. sign-identifiable: 2
# gen. sign-identifiable nodes: 1, 2

R-package SEMID available on CRAN.
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Zero Upper Triangular Assumption

Definition

The graph G satisfies the Zero Upper Triangular Assumption (ZUTA) if there exists an ordering < on the

latent nodes ‘H such that ch(h) is not contained in Uy, ch(¢) for all h € H.

Example

hy hy hs hy hs hy hy hs hy
Vi [* 0 O Vi [* 0 0 Vi [* 0 0
Vo | % k% Vo | % k% v lx % 0
ik 0 x| ZYTA sk ok O UPPEi=0 by w
B va | % ok x |upperdiag#0 y, f gy
vs [ % x vs | % % vs | % %
ve \O *x x ve \O *x x ve \O *x x

ZUTA = "“can permute cols and rows such that the upper right triangle of A is zero”

and w.l.o.g. “diagonal entries are nonzero”.
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ZUTA and Generic Sign-identifiability

Recall: Literature centers around uniquely identifying €.

Lemma
Suppose G satisfies ZUTA and Q is (generically) uniquely identifiable.
Then G is generically sign-identifiable.

Proof.
Take (A, Q) € Fs(A, Q) for generically chosen (A, Q). ~» AAT +Q =AAT + Q.

— Q= Q, by assumption.
—  AMT =AMAT,

— A=AV for ¥ € {£1}7*I" diagonal
by ZUTA and uniqueness of the Cholesky decomposition. O
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Anderson-Rubin Criterion

Theorem [Anderson, Rubin (1956)]

A factor analysis graph G = (VU®H, D) that satisfies ZUTA is generically sign-identifiable if for any deleted row
of the symbolic matrix A = (\,5) € RP there exist two disjoint submatrices that are generically of rank |#].

Example

A, 0
N Observation:
¥ V2h1 V2h2

@ @ @ @ /\: )\V3h1 )\V3h2 Need |V| 22’7'”—’—1

\@/ 0 Auh
0 )‘Vshz

Nils Sturma | Identifiability in Sparse Factor Analysis 10 / 20



Examples for Inconclusiveness of Anderson-Rubin

1) 2)

Avh, O 0 Avp, O 0

>\v2h1 )\vzhz 0 )\v2h1 >\v2h2 0
0 )\V3h2 )\V3h3 )\V3h1 )\V3h2 )\V3h3

)\V4h1 0 )\V4h3 )\V4h1 )\V4h2 )\V4h3
0 >\V5/72 0 )\vshl )\V5h2 )\V5h3
0 0 Ayh Avehy Avghy, O

[Hosszejni, Frihwirth-Schnatter (2022)]
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3)

)\Vlhl
>\V2h1
0

)\V4h1
0

O O O o

0 0 0
Auh, O 0
)\ V3 h2 )\ V3 h3 0

0 )\ Va h3 )\ Vg h4

Aen, 0 0
0 Ayn, O
0 0 Aun
0 0 IAun
0 0 Aun
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Investigation of Anderson-Rubin

1) Anderson-Rubin: Fix v € V. Find disjoint U, W C V \ {v} with |U| = |W| = |H| such that

det(Au,H) #0 and det(/\W’H) # 0 (not the zero polynomial)
<= det([AM\"]uw) # 0.

2) Consider the matrix with exactly one diagonal entry:

T [/\/\T]vv [/\/\T]V,W [/\/\T]vv ZV,W
[A/\ ]{V}UU,{V}UW = ( [A/\T]U,v [A/\T]W,U ) - ( ZU,V ZU,W )

3) Solve for diagonal entry [AA"],, by Laplace expansion:

0= det([/\/\T]{v}UU,{V}UW) = [/\/\T]vv det(Tyw)— > sign(w)o,, det(ZU,{V}UW\{W})_
S S

20 weW
4) Conclude: Solving for diagonal entries of AA" is equivalent to solving for .

22 generic sign-identifiability.
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Main Ideas for Sparse Setup

Exploit ZUTA: Operate column wise according to ZUTA-ordering <:

1) Solve for first diagonal entry: [AAT],,,, = A2

th'

. . Ovpw )\vhh>\wh .
Solve for first column: s T I, T + Ay for all w € ch(h).

2) Solve for second diagonal entry: [AAT],,,, = A2 , + A7

Vgé'

Solve for second column: ...

3) ...

Local approach: Can also choose U, W such that |W| = |U| < |H|.

(h<e<..)
h ¢

Vh

Ve

~» Ensure that det([AA"]¢,3uu.qviuw) = 0 and that det([AA"]y,w) # 0.

Characterization: When is det([AAT]a) = 0 if A is sparse?

~» Intersection-free matchings (trek separation).
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Intersection-free Matchings

® Consider paths of the form
a+—h—b fora,bec V and h e H.

Relevance: [AA"]p = hepa(a)npa(b) AahAbh-

e System of paths 1 = {my, ..., 7k} is matching of A={a;,...,ak} and B = {by,..., b} if

7T,':a,'<—h,'%b,'.

® A matching is intersection-free if all latent nodes h; are distinct.

Lemma
For two subsets A, B C V with |A| = |B| it holds that det([AA"]ag) # O if and only if there is an
intersection-free matching of A and B.

Application of trek separation by Sullivant, Talaska and Draisma (2010).
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Matching Criterion

Definition

Fix a latent node h € H. Tuple (v, U, W,S) € V x 2V % 2V x 2M\h} gatisfies the matching criterion for h if

(i) pa(v)\S={h}andve UU W,

(i) U and W are disjoint, nonempty sets of equal cardinality,

(iii) there exists an intersection-free matching of U and W that avoids S,
)

(iv) there does not exist an intersection-free matching of {v} U W and {v} U U that avoids S.

S = “solved nodes".
By (iii), det([AA"]u,w) # 0.

By (iv), det([AAT]yuu (viow) = 0.
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Algorithm: Recursive Solving

Theorem (M-identifiability)

If the tuple (v, U, W, S) satisfies the matching criterion with respect to h and all nodes ¢ € S are “solved
before”, then we can “solve” for h.

That is, (ﬁ, /N\) € Fe(L,N) = /N\Ch(h)'h = T Ach(h).h-

Algorithm (M-ID)
- Cycle through latent nodes h and search for tuples (v, U, W, S).
- Network-flow setup finds suitable tuples in polynomial time under a bound on |U| = |W/|.
Conjecture: If we do not bound the cardinality |U| = |W/|, then M-ID is NP-complete.
Remarks

- Subsumes Anderson-Rubin.
- Together with an extension, subsumes anything we know (e.g. Bekker and ten Berge, 1997).
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Example 1

>\V1h1 O O
>\V2h1 )\V2h2 0
@ A = >‘V3h1 >‘V3h2 )\V3h3
)\V4h1 >\V4h2 )\V4h3

>\V5/’11 >\V5h2 >\V5/’13
)\V6h1 )\Vﬁhz 0

(hy)

v

g/
e

W@

®

‘

hi: Take v=v;, S=0and U= {vy, w6}, W = {v3, s}

(i) o= hy — vz, vg<hy —vy;  (iv) pa({v} U U)npa({v}u W) = {hy, hp}.

h2: Take v = Vo, S = {hl} and U = {V3}, W = {V6}-
(iii) vs<—hp — ve;  (iv) (pa({v} U U)Npa({viUuW))\ S = {ho}.

hs: Take v =v3, S = {h1, o} and U = {va}, W = {ws}.
(iii) va < b3 — vs; (i) (Pa({v} U U) Npa({v} U W))\ S = {hs},
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Example 2

h42

B

OT GO0 606 N
B ® -

: Take v=vi, S=0and U ={w}, W= {w}.

(iii) vo <= h1 —va;  (iv) pa({v} U U)npa({v} U W) = {h}.

c Takev=w,, S={Mm} and U={w3}, W={w}.

(iii) vs<hp — vs;  (iv) (pa({v} U U)Npa({viUuW))\ S = {ho}.

: Take v =v3, S = {hy, b} and U = {w}, W = {w}.

(i) va < hs —ve;  (iv) (pa({vIu U)npa({viUuW))\ S = {hs}.

Take v =4, S={hy, hp, h3} and U = {w;}, W = {w}.
(iii) vz <= hg — vg;  (iv) (pa({v} U U)Npa({v} U W))\ S = {hs}.
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)\vl hy
szhl
0

)\V4h1

o

O O O o

0
AV2h2

)\Vg ho
0

AV5 ho
0

0
0
0

0

0
)‘Vaha
)‘V4h3

0
/\V6h3

0

0

0
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Numerical Experiments

Experiment 1: Counts of unlabeled sparse factor graphs satisfying ZUTA with at most |V/| = 7 observed
nodes and |#| = 3 latent nodes.

ZUTA gen. sign-id AR-id M-id Ext. M-id
562 174 150 172 172

Experiment 2: Counts of unlabeled sparse factor graphs with at most |V| = 9 observed nodes and |H| = 4
latent nodes.

total ZUTA AR-id M-id Ext. M-id
64166 46260 16104 20951 21568
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Conclusion

Sparse factor analysis models are the “building block™ for many latent variable models.

As projections, latent variable models may feature complicated parametrizations and geometry.

Even in “simple” factor analysis models, there is still lots to explore . ..

|dentification results have applications also in exploratory factor analysis.
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